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Estimation of a stable Cox-Ingersoll-Ross process from high-frequency observations
Stable CIR process : properties and moments estimates

Representation

Stable CIR process - Continuous Branching process with Immigration

dX: = (a — bX)dt + oV XedB: + 6X/*dLY, t>0 x>0

> (L) non-symmetric pure-jump Lévy process, strictly a-stable, with triplet
(0,0, F*) and representation

= | [ eids,dz), B = b0 e )
0

where i = p — 1 is a compensated Poisson random measure with

compensator
f(dt, dz) = dtF®(dz)

where the Lévy measure is given by
e COt
F (dz) = 21?1(0’_*_00)(2)0'2, l<a<?2

» (B:) standard Brownian motion independent of (L{)
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Stable CIR process : properties and moments estimates

Representation

Laplace transform

E(e™ ) = exp (—xovt(u) [ ;Ei; dz) ,

ve(v)

where t — v¢(u) is the unique locally bounded solution of
0
a7 (W) = —R(we(w), w(uv) = u. 1)

o2
R(z) = —z + 6—2 + bz, F(z)= az,
with 0 = 6(a/| cos(%)Dl/"‘.
» o = 0 explicit expression of v¢(u)

uefbt

iftb#0 wv(u)= ——>
<1_|_ ue=1 (1 — el l)bt)) -1

1

a—1
ifb=0 vt(u):u< e > .
a+ (a—1)0 u>—'t

» o #0 0§ +# 0 not explicit
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Stable CIR process : properties and moments estimates

Representation

dX: = (a — bX:)dt + oV XedB: + X/ dLY, t>0 x>0
» Existence and uniqueness of a strong solution such that
P(X;>0,VvVt>0)=1

if a>0,beR,0>0,§>0

» The solution satisfies
P(X:>0,Vt>0)=1

if x0>02a>0>>0beR, 6§>0
For the pure-jump stable CIR process (o = 0)

P(X:>0,Vt>0)=1
if a>0,beR, §>0

Kawazu-Watanabe (71), Fu-Li (10), Jiao-Ma-Scotti (18)
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Moment estimates for the stable CIR process

Moment estimates

Proposition Bayraktar-C. (24)
We have
1. Vp € (0,a)
E ( sup X[,’) < G(1+ XP)

s<u<lt

2.ifc=0,0>0a>0,Vp>0

sup < +o0
te[0.1] <Xp)

3. ifo>0,8>0,2a3>0%Vl<p<2a/o?
supE < +00
t>'(:)) (Xp)

2. 3. proof based on the expression of the Laplace transform of a CBI process



R

Estimation of a stable Cox-Ingersoll-Ross process from high-frequency observations

Stable CIR process : properties and moments estimates

Recent estimation results

Parametric estimation : recent results for the stable CIR process

» Small noise and pure-jump stable process Ma-Yang (14), Yang (17)
dX: = (a — bX;)dt + 06X dLY, t>0, x>0

a € (1,2) known

Observations : (Xia,)ieq1,....n}» Bn = 0, nA, = T fixed, (T =1)
Estimation of (a, b, d) by approximating the likelihood function (depends
on )

> Fixed step-size observations, long-time behavior Li-Ma (15)
dXe = (a— bX:)dt +6X/“dLy, t>0, x >0

Observations : (Xia)ic(1,....n}, A fixed and n — oo

Estimation of (a, b) assuming b > 0, (X;) is geometrically ergodic
Explicit least squares estimators of (a, b) (independent of « and ¢) based
on the equation satisfied by e”* X
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Stable CIR process : properties and moments estimates

L Recent estimation results

» Continuous time observations with o > 0 Barczy-Ben Alaya-Kebaier-Pap (19)
dX = (a — bX:)dt + odB, + X/ *dLY, t>0, x>0
Observations : (X¢)eco, 7, T — 00
a>0,0>06>0and ac(1,2) are known
Estimation of b

Explicit expression of the maximum likelihood estimator b from Girsanov’s
Theorem (depends on a >0, § > 0 and «)

» b > 0 : consistency and asymptotic normality with rate v T
» b =0 : consistency
> b < 0 : consistency and asymptotic mixed normality with rate e =27
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Estimation of a pure-jump stable CIR process

Estimation of a pure-jump stable CIR process

In this part
dX: = (a— bX,)dt + 6X/*dLY, t>0, x>0
» Estimation of 6 = (a, b,d, «)

(Xt)tepo,1) solves the stochastic equation for the parameter value
0o € (0,00) x R x (0,00) x (1,2) = ©

» High-frequency observations : (X )icqo,....n}

» Estimating functions method based on an approximation of the conditional
distribution of X; given Xi_1

C.-Gloter (19) (20) : SDE with Lipschitz coefficients, driven by symmetric locally
stable process
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LEstimation of a pure-jump stable CIR process
= Estimation method

Pure jump stable CIR process

. estimation method

» Euler approximation

Xy = Xzt + (@ = bXi—t) +5x1/“(La

- L)
LT — L7, has the distribution of —/—Lf
» Approximation of the log-likelihood function
1/a Xi— X1 — 245X,
n 1/a 7 " n no
L,(0) = log Yo | N
Z ’1/‘11 5X£

where @, is the density of L
» Estimator

6, solution of VyL,(#) =0 on ©




Estimation of a stable Cox-Ingersoll-Ross process from high-frequency observations
Estimation of a pure-jump stable CIR process

L Joint estimation result

Estimation results
We define G,(0) = —VoL,(0) (recall that L, is an approximation of the
log-likelihood function)
and J,(0) = V¢ Gn(0) (approximation of the information)

) e g

Let u, be the non-diagonal rate

1
U, — /og—1/2 Id
" 0

S o

Proposition Bayraktar-C. (24)

1.
sup log(n)?||u, Jn(8)un — 1(6o)|| — O
oewi™

2. u] G,(6o) stably converges in law to /(6o)Y/2\
where /(6p) is a symmetric non-negative and non-singular matrix

depending on (X;):cpo,y) and N is a standard Gaussian variable
independent of /(6o)
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L Joint estimation result

» From the previous convergences, we obtain the following result

Theorem Bayraktar-C. (24)

There exists a sequence (f,), such that lim, P(G,(f,) = 0) = 1, that converges
in probability to 6 .

Moreover we have the stable convergence in law with respect to o(L?,s < 1)

uy* (80— 00) = 1(60) N,
where )V is a standard Gaussian variable independent of /(6g)

» If o is known (or &g known), we obtain a similar result in estimating
(a, b,6) (or (a, b, )) with the diagonal rate

_ < reizld 0 ) _ < m=izld 0 )
Un = O 1 ) up = 0 1
vn log ny/n

and non-singular information
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Estimation of a pure-jump stable CIR process

Joint estimation result

Information for the estimation of (a, J, @)

FER(LY) [y 5= Sym.
I(a,8,a) = °

I2,1 I2,2

FE(haka)(LT) fy 1/a

l2,l —
5a2E(haka La)fl Iogl?fi)d - lIE(’COLI"Ot La)fo 1 /o
ACy — o BRA(LY) [y log(Xs)ds — E(kafa)(LT)
19° =
Sym. Ef2(LS) + a,,IEkz(LO‘)fO Iog(X5)2d5+ S E(faka) (LO‘)f0 log(Xs)ds

with ho = @l /va, ka(z) = 1+ zha(2), fo = Oatpa/Pa.



Estimation of a stable Cox-Ingersoll-Ross process from high-frequency observations
Estimation of a pure-jump stable CIR process

Toy model

Some partial results on efficiency in high-frequency setting : a toy model

Xe = xo + at + 85S¢

S : symmetric a-stable process
observations X; 0 < i < n, the log-likelihood function is explicit
Brouste-Masuda (18)
> LAN property with non-diagonal rate u, in estimating 6 = (a,0, ) and
non-singular information /

u ez O v — (% —dolog(n)/ao
" 0 LVn ’ m 0 1

NG
- LER(S) 0 0
I(avdva): 0 Eki(sla) _]E(kafa)(s )
0 —E(kafa)(ST) Ef3(S1)

with ho = ¢l /va, ka(z) = 1+ zha(2) and fo = Oaa/Pa-
(extension to L¢*, the information is not bloc diagonal)
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L Drift estimation

Drift estimation

» The previous result states existence of a consistent estimator with optimal
rate of convergence but there might be other sequences that solve the
estimating equation that are not consistent.

» Uniqueness is obtained if do and g are known or if we have preliminary
estimators d, and &,.

Theorem Bayraktar-C. (24)

Let G4 be the approximation of the score function restricted to the drift
parameters (a, b) B

Gn,d(ay b) = v(a.,b) Ln(37 ba 5,,, dn)
We assume that (ao, bo) € Int(©) for a compact set © C Ry x R and that
%(6,, — &) and ﬁ(&" — ) are tight, fo[ p>0.
Then any sequence (&, bs) that solves G, 4(&n, bs) = 0 converges in probability
to (a0, bo) and this sequence is unique.

nt/ e

Moreover the sequence m(én — ao, bn — bo) is tight.
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L Preliminary estimators and one-step improvement
Preliminary estimators (d,, &p)

Non parametric methods for semimartingales based on p-order power variation

(Todorov-Tauchen (11), Todorov (13), Todorov (15))
The first and two order power variation are defined by

Va(p, X) = D IATX=AT XIP, Vi(p, X) = D IA]X=A]  X+A7 )X =A]_3X)|P
i=2 i=4

n

Theorem Todorov (13)
1. For p € (0, ), we have the convergences in probability

nP/ e
2(p, X) — 27/ Co(av, 6)

Va(p, X) = Co(a, ),

a plog?2 1
1 2
~ 1og(VZ(p, X)/ Vii(p, X))~ a(pX)7Vi (00

/n(é&n — «) stably converges in law, for p € ( lo ,a/2) and o > 2/3.
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Preliminary estimators and one-step improvement

We can apply the previous result to the stable CIR process X wit p = 1/2 since
ag > 1.

We obtain the preliminary estimator &, which is consistent with rate of
convergence /n.

Next, we estimate § by

5 1 P L ANX — A X

"\ mE) 0 | X

where m,(a) = E|L{ — L]'|P = E|S{*|P where S{* is symmetric a-stable

For p = 1/2, 2i%5(8, — do) is tight

Iog
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One-step improvement

One-step improvement - implementation

» Existence but not uniqueness result for the joint estimation
» There exists a joint estimator 0, = (an, Bm 3,,, &) consistent, rate optimal
and probably efficient that solves G,(6,) = 0.
> Preliminary estimators &, and @,
» Very easy to implement, consistent not efficient
» Preliminary estimators 3, and b
> Obtained by solving V(; 1) Ln(a, b, 81, én) = 0 (unique solution)
» Consistent but not rate optimal
» One-step improvement or k-step improvement

> Use the theoretical properties of O, to improve the asymptotic properties of
the preliminary estimator 6,
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L One-step improvement
» One-step improvement : start with 6y, = 6, and next

é\1‘17 — é\O.n - VQ G/7(é0.n)7lcn(éo,n):

Requires the computation of the density ¢, of the non-symmetric stable
variable LT (as well as its derivatives)

> We can prove u, (01, —0,) = o(1)

Then
uyt (élyn - 90) =u,? (én - 90) +o(1)

Corollary

We deduce that élﬁn inherits the asymptotic properties of 0, :
we have the stable convergence in law with respect to o (L%, s < 1)

u;l (élyn — 00) i> /(90)71/2./\/’,

where A is a standard Gaussian variable independent of /(6o)
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Stable CIR process with Brownian component

We now consider

dX: = (a— bX:)dt + oV X;dB: + 60X *dLY, t>0, x>0

» High-frequency observations : (X )icqo,...,n}

» Estimation of (o, 4, )

2a>0>0, §>0, «ac(L,2)

» Problem : asymptotic bias due to the superposition of a Brownian Motion
and a Lévy process with infinite variation
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Stable CIR process with Brownian component

Toy model

Toy model

To explain the problem, we consider the process
Xt:O'Bt—'-(sL?, aE(l,Z)

Estimation of o2 and « from the increments ATX =X; — Xj-1

n

Mancini (2009), Ait-Sahalia and Jacod (2009), Jacod and Todorov (2014-2016)
Bull (2016), Cooper Boniece, Figueroa-Lépez and Han (2022)
» Truncated quadratic variation

ZAX1|A"X\LT u>0, 0<T<%

» Real part of the characterlstlc function
1< n
== Zcos(u\/ﬁAjX), u>0
n
» Number of large jumps

ZI|A”X\ w, u>0, 0<7< =

T
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LStabIe CIR process with Brownian component
- Toy model
:
Bias expansion

» Truncated quadratic variation

EAJX?1 anx|< v =

2 25 o, 2—a
g o0 O%u
= — + uop2—ar 1, + nl+7’(2fo¢) C2,a + R,,
» Real part of the characteristic function
E cos(uy/nA7X)
E cos(uv/n(A7X —

Re Y 02/2 —u®s*n®/2 1 (1—itan(ra/2))
2
AjaX)) =e"

oy gena/2-1
» Number of large jumps

symmetrised version

@

Eljapxz 4 =

2ca
fomt’)
uanlforr Cl,a +

2a
at2p2—(at2)r Ca

2o p2—2a GathR
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Stable CIR process with Brownian component
L Toy model

Limit theorems and estimation
» Truncated quadratic variation

0_2511 6au2—o¢
lao —

Coo | 22 N(0,20%)

e

n
nys2 2
Z AJX 1|A]X‘§ni“' -0 - uepl—ar
Extension to a semimartingale : estimation of the integrated volatility (Cooper
Boniece, Figueroa-Lépez and Han (2022) use this result for different values of u
to eliminate the bias, rate optimal and efficient with restrictions on o)
» Real part of the characteristic function (symmetrised version)

n —2o? 2y §rp>/2-1 Ls e_4UZ02 — 26_2U202 +1
ﬁ(L (u)—e e )—>N(o, > )

Extension to a semimartingale : estimation of the integrated volatility (Jacod and
Todorov (2014-2016) local volatility estimation by taking the logarithm and
combination with different values of u, rate optimal and efficient Va € (0,2))

» Number of large jumps

Z Liarx|> 4 = %Cm

Extension to a semimartingale : estimation of . (Ait-Sahalia and Jacod (2009)
non optimal rate of estimation, Bull (2016) near optimal rate)
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L Stable CIR process

Stable CIR with Brownian component and infinite variation jump
component
We come back to the process

dXe = (a — bXc)dt + oV XcdB: + 6X/*dLY, t>0, x>0

The previous methods work for the CIR process but they are not completely
satisfactory.

We propose an alternative estimation method via estimating functions
(extension of Mies (2020))

» combining the real part of the characteristic function and smooth
threshold exceeding

> based on the expansion of Ef (uy/n(A7X — Af,; X))

We obtain the following results (forthcoming paper)
> joint estimation of (02,4, @)
> rate optimal and efficient estimator of o° for o € (1,2)

> near rate optimal estimator of (J, a)



e
Estimation of a stable Cox-Ingersoll-Ross process from high-frequency observations

Stable CIR process with Brownian component
Stable CIR process

Thank you for your attention
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Stable CIR process with Brownian component

Stable CIR process
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